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Íèêîëàé Òàíêîâñêè, Åâãåíè Ñèðàêîâ, Êëàóñ Áåðíåð. ÅËÅÊÒÐÎÑÒÀÒÈ×ÍÈ ÑÈ-
ËÈ Â ÅËÅÊÒÐÎËÈÒÍÀ ÊËÅÒÊÀ Ñ ÁËÎÊÈÐÀÍÈ ÅËÅÊÒÐÎÄÈ

Èçïîëçâàí å àëãîðèòúì, ïðè êîéòî åäíà îò ïðîìåíëèâèòå â íåëèíåéíèòå ÷ëåíîâå
íà óðàâíåíèÿòà å èçìåñòåíà âúâ âðåìåòî ñ åäíà ñòúïêà. Àíàëèçèðàíè ñà ïðåõîäíè-
òå ïðîöåñè â åëåêòðîëèòíà êëåòêà, íà êîÿòî ñå ïîäàâà ñòúïàëîîáðàçíî íàïðåæåíèå.
Êëåòêàòà ñå ñúñòîè îò óñïîðåäíè ïëîñêè åëåêòðîäè, èçîëèðàíè ñ òúíêè äèåëåêòðè÷-
íè ñëîåâå, êîåòî ïðàâè ïðåìèíàâàíåòî íà çàðÿäè ïðåç åëåêòðîäèòå íåâúçìîæíî. Åâî-
ëþöèÿòà âúâ âðåìåòî íà éîííèòå çàðÿäè, íà éîííèòå ïîòîöè è íà ðàçïðåäåëåíèåòî
íà åëåêòðè÷íîòî ïîëå å îöåíåíà è àíàëèçèðàíà. Åëåêòðîñòàòè÷íèòå ñèëè, äåéñòâàùè
íà åëåêòðîäèòå, ñà îöåíåíè ñ ïîìîùòà íà åíåðãèåí ïîäõîä.

Nikolay Tankovsky, Evgeny Syrakov, Klaus Baerner. ELECTROSTATIC FORCES
IN AN ELECTROLYTIC CELL WITH BLOCKING ELECTRODES

A numerical algorithm is used, based on a small, one time-step shift for one of the
variables in the nonlinear terms of the governing equations. The transient processes in
an electrolytic cell, driven by a step electric voltage, are numerically analyzed. The cell
comprises parallel plate electrodes, isolated by thin dielectric layers to prevent charge
transfer through the electrodes. The time evolution of the ion charge densities, of the
ion �uxes and of the electric �eld distribution has been evaluated and analyzed. Energy
approach has been used to evaluate the electrostatic forces acting upon the electrodes.
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1. INTRODUCTION

In a series of experiments it has been shown that when an a. c. external,
electric �eld is applied to a slab of parallel plate electrodes with electrolytic solution
between them, mechanical forces occur which set into oscillating motion a mobile
electrode [1-4]. In this way the cell can be used as an ultrasound transducer or
the generated acoustic signals can be analyzed to retrieve information about the
electrolyte solution. However, a theoretical basis is needed for the interpretation
of the experimental results. The governing partial di�erential equations describing
the dynamics of the ion charge densities and of the electric �eld distribution in the
cell are nonlinear and it is principally impossible to obtain analytical solution in
a closed form. Numerical analyses of the problem have been employed, in which
di�erent approaches have been used. The nonlinear equations can be approximated
with the help of �tting parameters [5,6] or �nite element methods can be used[7].
A simple numerical algorithm [8] is applied in the present work, which allows
us to analyze the dynamics of the ion �uxes and the total current in the cell in
response to a step voltage, but also to evaluate the electrostatic forces acting at
the electrodes of the cell.

2. GENERAL EQUATIONS

We shall consider an electrolytic cell with parallel-plate electrodes, which is
presented schematically in Fig. 1. The metal electrodes are covered with thin diel-
ectric layers, so no charge transfer occurs through the interface metal-electrolyte
and the electrodes are blocking. Since the electrode diameter is much larger than
the interelectrode distance L we can assume that all characteristic variables are
one dimensional, varying solely along the coordinate x, normal to the electrodes.

In order to evaluate the electrostatic forces we have to de�ne the time depend-
ence of the ion charge densities n(x, t) and p(x, t), but also the time evolution of
the corresponding space distribution of the electric potential Y (x, t) and of the
electric �eld strength E(x, t). Another measurable quantity, deserving evaluation
is the total current comprising the Faradaic �ux components of the two types of
ion charges and the displacement current

I = ZpeJp − ZneJn +
ε

4π

∂E

∂t
, (1)

where the positive and negative ion �ux densities Jp and Jn are de�ned by the
Nernst-Planck equations as follows:

Jp = Dp
∂p

∂x
− µppE,

Jn = Dn
∂n

∂x
+ µnnE.

(2)
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The coe�cients µi, Di, and Zi denote the mobility, the di�usion coe�cient and
the valence of the positive (i = p) and negative (i = n) ions correspondingly.

Fig. 1. A scheme of the electroacoustic cell

Dimensionless variables have been obtained by applying the following normalization
relations:

n∗ =
nZn

c0
; p∗ =

pZp

c0
; E∗ = (

eLD

kT
)E;

x∗ =
x

LD
; t∗ =

t

τD
; I∗ =

LDI

kTc0(µn + µp)
,

(3)

where c0 = Znn0 = Zpp0 is the uniform, unperturbed charge concentration
obeying the overall electroneutrality condition, k is the Boltzmann constant, T
is the temperature, LD is the Debye length and τD is the dielectric relaxation
time, de�ned by the following formulae:

L2
D =

εkT

4πe2(Z2
nn + Z2

pp)
=

εkT

4πe2c0(Zn + Zp)
, (4)

τD =
ε

4πe(Znnµn + Zppµp)
=

ε

4πec0(µn + µp)
. (5)

It can be seen that the scaling of the space coordinate is the Debye length LD,
while the time scaling is the dielectric relaxation τD. Another assumption, usually
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accepted is the validity of the general Einstein-Nernst relation:
kT

eZi
µi = Di; i = n, p. (6)

Finally, we can obtain the following system of �rst order nonlinear partial di�erential
equations:

∂n

∂x
= N − ZnnE, (7)

∂N

∂x
=

(
1 + πm

πm

)(
Zn

Zn + Zp

)
∂n

∂t
, (8)

∂p

∂x
= R + ZppE, (9)

∂R

∂x
= (1 + πm)

(
Zp

Zn + Zp

)
∂p

∂t
, (10)

∂E

∂x
=

p− n

Zn + Zp
, (11)

∂Y

∂x
= −E. (12)

Here πm = (µn/µp) is the ratio of the mobility of the negative to the positive ions.
The variables R(x, t) and N(x, t) are the positive and negative ion �uxes de�ned by
(9) and (7) correspondingly, while Y (x, t) is the electric potential de�ned by (12).
Equations (8) and (10) are the transport equations for the negative and positive
ion charges correspondingly. Equation (11) is the Poisson equation.

The dimensionless total current can be de�ned from (2), (2) and (3) as follows:

I =
R

1 + πm
− N

1 + π−1
m

+
∂E

∂t
. (13)

We assume that the electric potential is switched-on in�nitely fast at t = 0.
Then we have the following initial conditions for the above system of equations:

n(x, t = 0) = 1; p(x, t = 0) = 1; Y (x, t = 0) =
Bx

M
. (14)

where B = eY0/kT is the dimensionless electric potential. Immediately after the
electric �eld is switched-on, and before the ions have been rearranged by migration
and di�usion, the potential Y has a linear dependence over x as in a dielectric.

Four boundary condition express the fact that the electrodes are blocking and
hence the ion �uxes N and R are zero at both boundaries x = −M and x = M :

N(x = −M, t) = N(x = M, t) = R(x = −M, t) = R(x = M, t) = 0. (15)

Two other boundary conditions show that the external electric potential is kept
constant in time at the two boundaries:

Y (x = −M, t) = −B; Y (x = M, t) = B. (16)
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3. NUMERICAL ALGORITHM

We shall use an algorithm [8], based on the idea to approximate the nonlinear
terms in equations (7) and (9) by shifting one of the variables with one time-step.

For an arbitrary function f(x, t) we accept the following rule of discretizing the
time and the space:

f(x, t) = fk
i (xi, tk). (17)

If we denote the space-step with h and the time-step with τ the algorithm can
be presented in a general form as follows:

Ek
i+1 − Ek

i

h
=

pk−1
i − nk−1

i

Zn + Zp
, (18)

Y k
i+1 − Y k

i

h
= −Ek

i , (19)

Nk
i+1 −Nk

i

h
=

(
Zn

Zn + Zp

)
(1 + π−1

m )

(
nk

i − nk−1
i

τ

)
, (20)

nk
i+1 − nk

i

h
= Nk

i − Znnk
i Ek

i , (21)

Rk
i+1 −Rk

i

h
=

(
Zp

Zn + Zp

)
(1 + πm)

(
pk

i − pk−1
i

τ

)
, (22)

pk
i+1 − pk

i

h
= Rk

i + Zpp
k
i Ek

i . (23)

4. ELECTROSTATIC FORCES

Having evaluated the dynamics of the ion charge densities and of the electric
�eld in the cell, we can evaluate also the dynamics of the transient electrostatic
forces acting upon the electrodes. To �nd the mechanical force a general energy
approach is useful since it automatically takes into account all hidden factors. The
total potential energy U(t) of the electrostatic �eld E(t) created by all the charges
in a volume V , is given by a volume integral [9]:

U(t) =
1
8π

∫

V

E2(t)dV . (24)

In the geometry of the concerned cell, all variables are expressed per unit electrode
surface, and the surface energy W (t) is given by one dimensional integral as follows:

W (t) =
1
8π

M∫

−M

E2(x, t)dx. (25)
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Small variances of the energy due to a change of the slab thickness, caused by a
displacement h of a mobile electrode at x = −M , will be given as follows:

W (h, t) =
1
8π

M∫

−M±h

E2(x, t)dx. (26)

Now the electrostatic force acting upon unit surface of the mobile electrode
will be given by di�erentiation of the energy relative to the general coordinate h

F (h, t) =
1
8π

∂

∂h

M∫

−M±h

E2(x, t)dx = − 1
8π

E2(±h, t). (27)

As the displacement h is a small deviation from the cell thickness we can express
the electrostatic force at the electrode as follows:

F (h = 0, t) = F (x = −M, t) = − 1
8π

E2(x = −M, t). (28)

The formula (19) is valid for the electrostatic force of a dielectric slab [10], where
the electric �eld is homogeneous in the slab and its dynamics is de�ned solely by
the time dependence of the external electric source and the corresponding electric
circuits. However, in the case of an electrolytic slab the electric �eld is nonuniform
in the solution, normally to the electrodes, and its time dependence is de�ned by
the dynamics of the ion charge densities responding to the external voltage, as
seen from equations (9), (10) and boundary conditions (14).

5. RESULTS AND DISCUSSION

Our main goal is to analyze the time dependencies of the electrostatic force and
the other variables considered, but the space distributions can also be instructive.
The electric �eld space distribution, along the coordinate X, is shown in Fig. 2 for
equal and di�erent ion mobility, at a �xed moment. The continuous line curve is
symmetrical to x = 0 and corresponds to the case when the two types of ions have
equal mobility, i.e., πm = 1. The dashed line corresponds to the case when the
negative ions are twice faster than the positive ions, i.e., πm = 2 and asymmetry
can be observed, the �eld being stronger in the vicinity of the electrode where
the negative charges are attracted. Evidently the �eld strength is maximal at the
electrodes and near zero in the bulk of the solution. Thus, the electrostatic forces
are maximal at the electrodes. Obviously if the electrodes of the electrolytic cell
are not isolated, the ion charges will not be blocked at the electrodes and the
electric �eld will be smaller, hence the electrostatic force will be small.

We shall analyze the transient processes in the cell in response to a meander-
shaped voltage, as shown with thicker lines in Fig. 3.
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In fact it is the minimum pulse length of only one cycle. The changes of the
voltage from one value to another are assumed in�nitely fast in order to analyze
the transient response of the system. Four transient periods can be distinguished,
denoted with numbers as follows:

1�polarization of the electrodes, forced by a voltage B,

2�depolarization to a neutral charge density, forced by reversed potential �2B,

3�polarization with opposite charge, forced by the reversed potential,
4�depolarization due to di�usion of the ion charges back to equilibrium.

Fig. 2. Electric �eld distribution, normal to the electrodes

The time dependence of the averaged over the cell length, positive and negative
ion currents R(t), N(t), in the four time intervals, are shown in Fig. 3a for a
symmetrical electrolyte when Zn = Zp = 1 and πm = 1 while the same curves
for the case when πm = 2 are shown in Fig. 3b. The meander-shaped external
electric �eld E(t) is shown with thicker lines. It can be seen that the current N(t)
of the twice faster negative ions has higher amplitude and shorter relaxation time
in comparison with R(t).

The transient displacement current is shown in Fig. 4.
It can be seen that the contribution of the displacement current when the

electric �eld varies due to ion migration can be neglected. The displacement current
is dominant only when the external electric �eld changes very fast.
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(a)

(b)

Fig. 3. Time dependence of the space-averaged positive R(t) and negative N(t) ion
�uxes: (a) symmetrical electrolyte Zn = Zp = πm = 1; (b) di�erent ion mobility πm = 2

The total current comprising the contributions from the ion charge currents
and the displacement current, see equation (13), is shown in Fig. 5. The four
transient periods are denoted with numbers 1, 2, 3 and 4 as explained above.
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Fig. 4. Time dependence of the displacement current dE(t)/dt

The time dependence of the electrostatic force F (t) caused by the meander-
shaped voltage (presented with thicker line) is shown in Fig. 6 for three di�erent
cell thickness values M = 2, 4 and 6. The electrostatic force does not change its
sign, so it is unidirectional.

Fig. 5. Time dependence of the total current I(t)
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If the external electric �eld is kept constant the electrostatic force is also
reaching a constant equilibrium value, as seen in the upper parts of the curves
1 for thinner cells (M = 2 and M = 4). For thicker cells (M = 6), this equilibrium
is achieved more slowly. The force is acting as long as the energy of the electric
�eld is not zero, as seen from equation (28). It can be noticed that the transient
processes are fastest for the thinnest cell M = 2, but the depolarization 2 is
deeper for the thicker cell M = 6. In the general case the fastest process is the
�eld-forced depolarization 2, while the di�usion depolarization 4 is the slowest.
The polarization slopes 1 and 3 are almost identical.

Fig. 6. Time dependence of the electrostatic force F (t) for di�erent cell thickness:
M = 2, M = 4 and M = 6

Finally we can evaluate the dynamics of the displacement of the mobile electrode
h(t), driven by the electrostatic force F (t). For this reason, we have to solve
numerically the equations of forced oscillations, as follows:

dv(t)
dt

=
F (t)
m

− k

m
h(t)− η

m
v(t), (29)

v(t) =
dh(t)

dt
. (30)

Here v(t) is the velocity of the diaphragm, m is its mass per unit area, k is elastic
constant and η is a friction coe�cient. Equations (20) are easily digitized and
using the results for the driving electrostatic force we can evaluate numerically the
displacement h(t) and the velocity v(t). The result is shown in Fig. 7a for the case
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(a)

(b)

Fig. 7. Time dependence of the velocity and displacement of the mobile electrode:
(a) dominant friction losses; (b) dominant elastic forces
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of dominant friction losses and in Fig. 7b for the case of dominant elastic forces.
In conclusion we can summarize, that a numerical analysis is carried to evaluate

the electrostatic forces when a meander-shaped voltage is applied to an electrolytic
cell with blocking electrodes. The algorithm can be easily modi�ed in a future work
to simulate the displacements of the mobile electrode when a sinusoidal voltage is
applied. Further on a Fast Fourier Transform can by used to obtain the frequency
spectra of the electroacoustic signal, which can be compared with experimental
results [4].
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